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Part 1

* A. basics of linear systems including examples of
some common electronics and mechanical systems

e B. Introduction to some needed mathematics.



This work combines three separate disciplines
It is a bit heavy and requires several sittings.

The goal is to present it in an informal way so
that the connections are obvious and can be
later explored in a deeper way.

1) Understanding and modeling physical
systems such as electronics or mechanical
systems.

2) Elementary Mathematical analysis and
Fourier transforms.

3) Some elements of probability and statistics.



Linear

| system
Input: | OQutput: v

- There are many practical mechanical or electrical systems in which the output
is linearly related to the input excitation.

- If the excitation is multiplied by a constant then the response is also.
(homogeneity)

- If there are multiple sources of excitation then the response due to each one
adds linearly in the total response. (superposition).

- The frequency of the response will be the same as the frequency of the
excitation. This property allows analysis of such systems using Laplace or
Fourier transforms.

- This lecture is an introduction about various basic mathematics related to
such systems. It is particularly useful for understanding electronics, signal
processing, or mechanics of vibration.



Outline

- Some simple examples of linear systems.

- Impulse response function and noise

waveformes.

- Some methods for understanding random noise

- Introduction to Fourier transforms and discrete

Fourier transform.



Example 1

Vi — Vo
High pass, differentiator

V(i)+Q/C=VI(t)

v, (1) dV,(1)
dt

V (t) = I(t) X R therefore

av,() V() _dV,(t)
dt T dt
Use V,(¢)=v,e'” for the input and V (1) =v € as output.

+1(t)/C = where /(¢) 1s the current.

For any Vi we can calculate the
frequency components (or
Fourier transform), multiply by
the filter function, and invert.

where 7 = RC is called the time constant.

Take the real part later to get back the answer to a sinusoidal excitation.

v, +v, [T=1iwv,
10, ) 1
io+1/7 141/ (t0)’ |

v, =V, X

0 I

— " where 6 = Arctan(1/ Tw)

Notice that the output has lower amplitude and shifted in phase.

If (w7) > 1 then the filter just passes the input through.
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How to calculate for
discrete data

Vi — ?Vo High pass, differentiator

V.(#)+0/C=V(t)

dv,0) - dV0)
At = At Notice that this will filter out DC
AV dv and low frequency waveforms
V. =RC ( L_ 0 )
dt dt

For discrete data use j as the index over time bins of At

Vi(t.)=VI(t. Vi)V (¢
R LSO Sy

At At

V,()=aV,(D-V,(G-)+aV,(j-1)
o=(RC/At)/(1+ RC/At)
Notice that V, changes depending on the change in the input V,
This 1s why this 1s called the differentiator.
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Example 2

Vi —’VV\:LVO
L

V(i)=0/C, and V. ()-V (t)=R-1(¢)
av, () = Vi=V, where 7=RC
dt T

Use V,(t)=v,e' for the input and V (1)=v ¢'“ as output.

Low pass, integrator.

Take the real part later to get back the answer to a sinusoidal excitation.
v, +v [T=v,/T
1/t 1

0
v =y X = e¢” where 0 = Arctan(Tw
T o+t l[1+(w))2]u2 )

Notice that for @7 <« 1 the filter just passes the input through

For discrete data with j index over time bins(At)
V,(j))=oaV,(j-D+dA-a)V.())
a=(RC/At)/(1+RC/Ar)

Notice that V, could just keep increasing if V, 1s constant = 1ntegrator.
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Set RC = 1

Vi——”—%t\/'o

Vi J\M:LVO
1

Shaping Gain

Shaping Gain

Qutput if Input is Step

Output if Input is delta(t) function u(t) = 1 for t>0
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Simple 1 DOF system

2
md—+c@+kx 0
dt* dt

Set x(¢)= Xe'”
—@w’mX +iwcX +kX =0 This yields a solution for @

il

Set {=

— 1s the natural frequency
2m@ . m af

n

w=—ilw, +w, 1-{*, the complete solution is then

v, +Ew x ’ N
x(t)=e " (x, Cos(w 1)+ -2 2 Sin(w 1)) . \/
), vy '
where @, = 1—-¢? is called the damped frequency. At C 1 (critical dampmg) there 1s no oscillatic

If we assume small damping, then the intercept of this motion is

the 1nitial displacement x,, and the 1nitial slope corresponds to ~v,

This Is not a forced system and it will respond in case of an initial
condition that is non-zero.



Example 3 forced mechanical system

Output: x(t)

C
- S
3
_> E
i .
k o =
Units k: N/m, c: N/m/s

f(t): applied force in N

k
a)s = — é/ = ¢
m 20, m
0,
Natural Freq=v, =— Hz
27

Damping = { is unitless

This is called the transfer function. The
height of the response at the natural
frequency depends on the damping.

L4
X f
-5-0.50
<
jé 0.10}
0.05]
0'010 123 .........
wlw n

1

d*x dx
m—s+c—+kx=f(t
dt> dt 1)

Fourler: x(t) © X(w); f(t) © F(w)

—w’mX +iwcX + kX = F(w)

X 1 1

Fk|(-0'o)+2i@/ o)

Or——
5,

\ £=0,02,04,0.6,08,1.0 1




Example 4: CR-RC* filter

High Pass or Low Pass or
Differentiator Integrator

D> D D D

T 1

CR RCn

Purpose is to create a Gaussian shaped pulse from an initial step
voltage. The height of the pulse should be the voltage step. The
peak of the pulse is given by the peaking time which is n t=RC = 14

Vi
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High Pass or Low Pass or

Differentiator Integrator

CR-RC*? we can just multiply the transfer functions to
get the complete transfer function. Using Laplace
transforms we get. (is this case s -> iw to get Fourier)

S 1
V(is)=V.(s)X X
()= Vi(s) s+1/7 (s+1/7)°

This can be inverted to obtain time domain V 1/
pulse for some V; For a unit step pulse —— i(S ) = 1/3
4
There are ways of making this more _ t_ —t/T
S ) V(it)=—e
symmetric by introducing complex 0 4
“poles” in the transfer function. '
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The ideal preamp produces a step function called a “tail
pulse”. This step must be shaped.

Input is step function
with a CR-RC filter.
Peak Is at time =171

Input is step function
with a CR-RC* filter.
Peak is at time =47t

Input is step function
with a RC?% integrator.

Shaping Gain

0.0

] delta response will
0.0s} have an undershoot

ol

0.8}

0.6

ping Gain

0.0

o |

5
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Time/Tau

14 work out the response to a square pulse



The real input pulses are pulses with some widths. Or they
have a long shaping time to bring them back to baseline.

Input

Qutput after
CR-RC4

Qutput after
RC5

Shaping Gain

Shaping Gain

15

1 mu-sec
sguare pulse
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0.00
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zero
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More about shaping, let’s start with a 5th order shaper

F(s)=—— — f(1)= L g
(s+a)y 4! |
This has a maximum att=4/a ] y g
4 £
f(4/a)— 32 e 0.1495 o
a’ a
fas/a)= 0.6 #107.--It takes 15 times to restore baseline. °*L

Time/Tau

Complex poles allow the baseline to be

restored much faster.

F(s)=

1
(s+a)(s+a cos((p)) +a’sin (q)))((s +a cos((o)) +a’sin ((0))

— f(t)=Ae™" +zBe ‘cos(ct+7;) 025 —
= 2 3 0.20L ¢:22'90,€0:47.20

o
N
a

In addition, we can adjust the
amplitude to obtain the same peak
for any value of shaping time.

Shaping Gain

o
a
(=]

0.05f

0.00fp—

0 5 10 15 20

Ohkawa,Yoshizawa,Husimi, NIM 138, 85-92, 1976 —
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If you want to explore more....(also look at control theory )

There 1s an extensive theory behind optimum shaping of analog pulses using either
analog or digital methods. Digital shaping can be done by gated integration. Shaping
using analog electronics 1s called time-invariant shaping. It uses a suitable configuration

of poles to create a semi-Gaussian output. Examples of unipolar shaping are

1
T(s)= — r-shapersn=12,3,4...
(s+p)
1
T(s)=—: c-shapers n=12,4,6...
H[(S+rl.)2+cl.2]
i=1

r, and ¢, are real and imaginary parts of complex-conjugate poles.
Time domain pulses can be obtained by using partial fraction expansion and inverse Laplace

F(t)=—2

t"'e™ this is for r-shapers n=2,3,4,...
(n—1)!

n/2
f@)= z 2‘Kl.| e " Cos(—ct+ Arg(K,))  forc-shapers n=2,4,6...

i=1

K. are obtained from partial fraction expansion. As n increases this becomes more Gaussian.
The peaking time (7,) characterizes the frequencies that are filtered and the noise performance.
The width (7,,) or time to baseline defines the rate capability. For a given 7, the higher the

order, the shorter the 7
17



Noise waveforms at the output

- Systems will produce random outputs in response to random fluctuations at
the input or in internal components. These fluctuations could be due to
thermal motions, statistical fluctuations in electrical currents, or
environmental disturbances.

- The waveforms can be thought of as continuous variables of time or they
could be digitized at discrete intervals.

We will do this using some mathematical devices. Most important:

Dirac's delta function and its Fourier transform
Some of the derivations here

o(t)=0 if t # 0 and are considered informal
because of the use of the delta

( 1 = y .
j o(t)dt =1 and D(w)= _j S(t)e dt=1/ /271. flfnctlon as w_eII as the use of

27 Y discrete Fourier transforms. A
- more formal way is to use

. | I characteristic functions which
For the inverse transform o (t):2— J e dw | will explain later.
n —00
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Analysis of noise is an old subject that is still evolving. For deeper understanding,
need familiarity with: 1) real and complex analysis, 2) probability theory, 3) calculus of
randomness.

There is a lot of other good material. But some of it is confusing. Confusion has origins in
either the material being too dated with old definitions or having sloppy mistakes in units of
Fourier transforms and power spectra (as pointed out by Millotti).


http://statlect.com

White noise

Take time interval 0 — T
Assume there are N elementary noise excitations in this time interval.

Each characterized by g,

e(t) =2, q:0(—1,)

If each elementary excitation produces a response g(¢) (with Fourier transform G(w))

then the noise waveform 1s given by

eg(t)= Zq,-g(t —1,)

Fourier transform of this 1s given by

EG(@)= > ,q,G(w) ™

We have to examine this function as N —



Properties of the Fourier transform of a real function

Let g(¢) be a real function.

I - . T . This is the asymmetric
— —iwt _ —i(—w)t
G(w)= {, g(t)e ™ dt G (@)= jw 2(t)e " dt convention
Therefore G (@) = G(—)... is Hermitian
Examine the symmetry of g(¢) based on G(w) =|G|e™"*"’
1 K +iwt
o(t)= %'[OG(w)e dw
1 oo 0
t)=—(| G(w)e"™ dw+ | G(w)e™™ dw
8()=——( j (@) J () )
1 | r |
g)=—(| G(w)e"™ dw+ | G(—w)e ™ (—dw))
27 .
g(t) = L( (G(@)e"™ do+ [G ()™ do) |G(w)” is called the power spectrum.
21 Y : .. : C. . :
if g(t) 1s in volts and we imagine it is applied
1 7 : ) - . .
g(t) = 2—J(G((0)e+"‘” +G (e ™)dw across 1 Q resistance, then |G(60)|2 is the amount
/2 0

of power per unit frequency
|
o(t)= 2—j|G(a))| 2 cos(wt + Arg(G()))dw
T 0

Notice that if G(w) is a real function then g(t) is a symmetric function.
g(t) = g(-t) iff G(w) 1s real.



Definitions and units

g(t) 1s areal function.

A symmetric form of Fourier and Inverse Fourier transforms.

p : 1 & :
G(w)= | gy e™dr; g(r)= — [ G(@)e” do

If units of g(¢) are volts then G(w) has units of volts/Hz

set time domain O to 7" with M samples.

T
A=ﬁ; define index k= 0,..., M -1; 1, =Ask; g, =g(t,)

Use asymmetric form of Discrete Fourier Transform

Ml _ingtk 1 & itk
Gzzzgke M gk:M Ge
k=0 =0
g, and G, have the same units. What is the relation between G(w) and G, ?
GQ2rf)= ]o g)e 7 dt .. f = L
7 N-A
P —iZﬂLL ~ M2 —1'271B
GQrf)=[swe Vidt=G =Y ge A
—oo -M/2
~ 1
G =G, —
A

It 1s useful to pay attention to the units when plotting G,

If the normalization is chosen to be symmetric, then ratio is ( ﬁﬂ 1/A)

Fourier
transform

Discrete Fourier
transform



some more simple observations about the DFT

X,,-..,X,,_; are real numbers. Imagine it 1s a waveform.

M-I
—i27k /M . lok
X, = Zxke - (e WM) . . .
=0 U, = J,k=0,..M —1, 1s a unitary matrix,
N M
1 M4 L :
X = — 2 X oi2rkiiM and the DFT is a linear matrix transform
k !
M

[=0

Both of these are M-periodic: X, ,, =X, ,x,,,, =X,
using M-periodicity and that x, arereal: X_ =X =X,
Take the case of M to be even:

X, € Real and X,,, € Real;

X, to X,,,., are complex and X,,_, to X,,,,, are conjugate.

This means there are only (M /2-1)2+2 = M independent numbers.
Take the case of M to be odd:

X, € Real

X, to X, arecomplexand X, _, to X, , are conjugate.

This means there are only (M -1)/2 X 2+1= M independent numbers.



Log10[Abs[G_I]]
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Well-known characteristics of the noise waveform

Let eg(t) be the noise output (voltage) at time ¢#. This is a real random

number at time .

eg(t) — qug(f — ti) = FG(w)= Zin(a))e_iwti

1) Probability Density Function P(eg(t)) is independent of ¢. (stationarity).
2) The joint probability density of P(eg(t), eg(t')) only depends on (7-t')
3) The mean (eg(t)) =0

It 1s well known that eg(¢) has a Gaussian distribution (we will show this)
These 1items are needed to specity all characteristics of eg(z).

The variance is given by e, = <eg(t)2> =P

ac(1)=(eg(t).eg(t + T))...Autocorrelation.

We will show that the ac(¢) 1s simply the inverse Fourier transform of the power spectrum.

In actuality, one can write down multi-point autocorrelation

ac, (7,,T,,....T,) ={eg(t)eg(t +7,)..eg(t +1,))
For a stationary process all of these must not depend on 7.



Characteristic function method

First we will describe the method of characteristic functions.

A characteristic function 1s a Fourier transtform of a probability density function (PDF).
It makes combinations of probabilities easier to calculate and understand.

X 1s a continuous random variable with probability density function P(x) then the

characteristic function is

¢, (k)= ]O P(x)e™ dx

This allows easy way to generate moments of the PDF.
@(k=0)=1 since it 1s the integral of the PDF.

(x)= —za—gp(k 0)

82g0
x*)=— k=0
If X and Y are two random variables and z = f(x,y) then the Characteristic function for Z is

0, (k)= [[ ¥V P(x)dx Q(y)dy

To get the moments of f(x,y) often it 1s not necessary to evaluate the integral.

eg.f(x,y) =x+y = @, (k)=¢,(k)o,(k) ....leave it for you to prove this



Aside on Gaussian PDF and its characteristic func.
Characteristic function makes combinations of probabilities easier to calculate and understand.

n
—Z dijXi j

P(x,,xy,....,x,)=Ne ™ 1S a Gaussian multivariate PDF with a mean of O for all x.

_(2-Det[a, )"

is the normalization. The matrix a_ has to be positive definite.

(27Z_)n/2
let X ={x ,x ,..} and K = {k ,k,,...} for short-hand.
= , ‘ibijkikj
ok, k... k)= J dX -P(X)e™* =e ¥ isthe characteristic function
. o . [a,]”
(The Fourier transform of a Gaussian yields a Gaussian; b, = ]2 )
@(K =0)=1 since it 1s the integral of the PDF.

o0 The first and second
—ia—k(K =0)=(x,)=0 moments are obtained
" by differentiation

82(0 2
— K=0)=(xx.)=b.fori#j and (x’)=2b, fori=j
Skor K =0=(xx)=b, foriz j and (x})=2b, fori=}

Homework: work out a method for simulating an n-dim Gaussian variate



Aside on Gaussian noise

Now assume that the noise waveform eg(¢) is Gaussian.
<eg(t)> =0
<eg(t)2> = P 1s the mean square noise amplitude (or the total noise power.)

ac(t)=(eg(t)-eg(t+ 1)) is called the autocorrelation
Now for x, =eg(t), x, =eg(t+7,), x,=eg(t+7,)..x, =eg(t+7,) we can
write a joint probability density function. It will have a characteristic function

ok, k,,..k,)= Exp(— Y b,kk,)

i<j=1
Notice that all

b,=P/2 and b, =(eg(t+7,)eg(t+7,))=ac(t,— 7))

This means that correlations of any order only depend on the total power
and the autocorrelation function (which we will prove later to be the
power spectrum density). The general rule for obtaining any moment is

_l-)a1+a2+...+an g (D(k)
ok’ 0ky>...0ko"

n k=0

o) .0 oy —
<x1 X572 .. X, >—(

In the Gaussian case only the total power and the autocorrelation is needed to

completely specity @(K).



Finish Part 1

- Linear systems are characterized by a response
function which, in general, has a complex Fourier
transform.

This response function is important to understand the
random noise waveform that may come from the
system.

- In part 2 we will review how the random noise tends to
Gaussian (central limit theorem).

- And examine classifications of random noise in terms

of power spectira.



